We study the central value of the triple sine function for a general period. We give an explicit integral expression and an inequality. As an application we obtain an expression for zð3Þ.
Introduction
The triple sine function constructed and studied in our previous papers [K] [KK] (cf. Manin [M] ) is a generalization of the usual sine function where the zeta value zð3Þ appears; see [KK] .
In this paper we investigate the central value
The first result is the explicit expression:
The second result is the following estimate.
Theorem 2.
We obtain an application of Theorem 2:
Theorem 3.
Using Theorems 2 and 3 we see the behavior of the triple sine function
Theorem 4. The graph of S 3 ðx; ðo 1 ; o 2 ; o 3 ÞÞ is as in Fig. 1 . It is symmetric with respect to the line
, and it has three extremal values: two maximal values larger than 1 at two points and the local minimal less than 1 at
We also obtain the following integral expression for zð3Þ from Theorem 1:
We remark that the formula
reminds us the phenomenon that central values frequently become ''squares'' especially for zeta and L-functions. This is valid also for HðoÞ
Moreover, these Hðo 1 ; o 2 ; o 3 Þ and HðoÞ are considered as determinants of hamiltonians for harmonic oscillators in dimension 3 and 1 respectively. We refer to [KO] for studies from this viewpoint.
Integral expression: Proof of Theorem 1
We first recall needed facts on multiple Hurwitz zeta functions. The multiple Hurwitz zeta function z r ðs; x; ðo 1 ; . . . ; o r ÞÞ is defined (for o 1 ; . . . ; o r > 0 and
This converges absolutely in ReðsÞ > r, and Barnes [B] shows that z r ðs; x; ðo 1 ; . . . ; o r ÞÞ has an analytic continuation to all s A C as a meromorphic function. Moreover, it is holomorphic at s ¼ 0. Hence we have the regularized product a Y n 1 ;...; n r b0
where the di¤erentiation concerns the first variable s. In particular, in our case, we have
Thus we must look at z 3 ðs; 
We remark that Yðt; ðo 1 ; o 2 ; o 3 ÞÞ is an odd function of t with the Laurent expansion
In particular
Now, the integral expression splits into three parts:
Here, the first term is holomorphic for all s A C since the integral converges absolutely. The second term is holomorphic in ReðsÞ > À1 since 
Here we remark that z 0 3 0;
for c > 0. This is seen as follows. The definition says that
so we have z 0 3 0;
and put
Then usingõ o 
Thus we see that
This proves Theorem 1. 9
Estimates: Proof of Theorem 2
Letõ
as in the proof of Theorem 1. To prove Theorem 2 it is su‰cient to show that
since the central value of the triple sine function
Now, we prove the inequality
for 0 < t a 1. First we show the following two inequalities:
for 0 < o < 2 ffiffi ffi 2 p and 0 < t a 1.
for a; b; c > 0 with a þ b þ c ¼ 1 and 0 < u < 1.
Proof of (1). Taylor expansion shows that
where we used the easy fact ð2n þ 1Þ! b 6 n for n ¼ 0; 1; 2; . . . :
Proof of (2). Since
it is su‰cient to check that
Actually, the stronger inequality
follows from the famous inequality
Proof of ( * ). By using (1) we have
On the other hand, (2) shows that
This proves ( * ). Thus we have shown Theorem 2. 9
4. An application: Proof of Theorem 3
We recall the following result proved in [KK] : Hence we see that for 0 < x < joj from the behavior of ð f 0 =f Þ 00 . This implies that the shapes of the graphs of f 0 =f , log f and f are as in Fig. 3 , since we already know that log f joj 2 < 0 from Theorem 2.
Especially, this consideration shows that 0 < f ðxÞ < 1. This consequence 
